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Abstract. We give a simpler proof of an earlier result giving an asymp- 
totic estimate for the number of integral matrices, in large balls, with 
a given monic integral irreducible polynomial as their common char- 
acteristic polynomial. The proof uses equidistributions of polynomial 
trajectories on SL(n, R)/SL(n, Z), which is a generalization of Ratner's 
theorem on equidistributions of unipotent trajectories. 

We also compute the exact constants appearing in the above men- 
tioned asymptotic estimates. 



1. Introduction 

Let P be a monic polynomial of degree n (n > 2) with integral coefficients 
which is irreducible over Q. Let 

Vp = {X £ M n (R) : det(A/ - X) = P(A)}. 

Since P has n distinct roots, Vp is the set of real n x n-matrices X such that 
roots of P are the eigenvalues of X. Let Vp(Z) denote that set of matrices 
in Vp with integral entries. Let Bt denote the ball in M n (M) centred at 
and of radius T with respect to the Euclidean norm: ||(xjj)|| = (Yli j x 1j) 1 ^ ' ■ 
We are interested in estimating, for large T, the number of integer matrices 
in Bt with characteristic polynomial P. 

Theorem 1.1 ([ EMSlj] ). There exists a constant Cp > such that 



lim *Wf>nf) 

T^oo yn(n -l)/2 



A formula for Cp, in the general case, is given in Theorem 5.1. Under an 



additional hypothesis, the formula for Cp is simpler and it can be given as 



follows (Cf. pMSp : 

Theorem 1.2. Let a be a root of P and K = Q(a). Suppose that Z[a] is 
the integral closure of "L in K . Then 

_2 ri (2Tr) r2 hR Tr m ^/T(l + (m/2)) 

p ~ w vd ' rr=2^ /2 r( S /2R(s)' 

where h = ideal class number of K, R = regulator of K, w = order of the 
group of roots of unity in K, D = discriminant of K , r\ (resp. r<i) = number 
of real (resp. complex) places of K, and m = n(n — l)/2. 
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Remark 1.1. The three components of the above formula for Cp are vol- 
umes of certain standard entities in geometry of numbers (with respect to 
the canonical volume forms on the respective spaces): 

W(AA')/A'*) = 

U)\J U 

Vol(5 m ) = vr m / 2 /r(l + (m/2)), 

n 

Vol(«SM ft ) = \[tt- s / 2 T{s/2)C{s). 

s=2 

Here J°(K)/ K x = the group of principal ideles of K modulo K x (see [jK|, 
Sect. 5A]), B m = the unit ball in R w , and SM n = the determinant one 
surface in the Minkowski fundamental domain M n in the space of nx n real 
positive symmetric matrices with respect to the action o/GL n (Z) (see [I], 
Sect. 4.4.4];. 



Remark 1.2. The hypothesis of Theorem l.i is satisfied if a is a root of 
unity (see |KL Theorem 1.61];. 



The conclusion of Theorem |l.2| was obtained in [EMS1] under a further 
hypothesis that all roots of P are real. 



In [EMS1], the proof of Theorem LI is based on the following: (1) the 



existence of limits of large translates of certain algebraic measures as proved 
in | EMS2(| ; (2) showing that such limiting distributions are actually alge- 



braic measures, using Ratner's description of ergodic invariant measures of 



unipotent flows | Ral |; and (3) the verification that certain condition, called 



the non-focusing condition, holds in the case of Theorem |1.1| . (See [ Ra3 |). 

A main purpose of this article is to provide a simple and a direct proof of 
this theorem using the following result on equidistributions of 'polynomial 
like' trajectories on SL n (R)/SL n (Z): 

Theorem 1.3. Let T be a lattice in SL n (R), fi the SL n (R) -invariant prob- 
ability measure on SL n (R)/T ; and x £ SL ra (R)/r. Let 

G = IB;,);'., , : R m -» SL n (R) 

be a map such that each 0j,- is a real valued polynomial in m variables, and 
O(0) = /, the identity matrix. Suppose that @(R m ) is not contained in any 
proper closed subgroup L o/SL n (R) such that the orbit Lx is closed. Then 
for any f G C c (SL n (R)/r), 

lim V1 * , / f(@(s)x) ds = [f dn, 

T^oo Vo\(B(T)) J bit) J 

where B(T) denotes the ball of radius T in R m centered at 0. 
For < r < m, let B + (T) = B(T) n (R+) r xR m ~ r . Then 

lim 1 / f(5{s)x) ds= ff dfi, V/ G C c (SL n (R)/r), 
T^oo Vo\{Bf) Jb+ J 
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where 5(s) := 8( v /sT, . . . , yfs^, s r+ \, . . . , s m ), Vs = (M + ) r x R m r . 

The first part of the theorem is a particular case of H Corollary 1.1], 
whose proof can be readily modified to prove the second part. This result 
is a generalization of Ratner's theorem on equidistribution of orbits of one- 
dimensional unipotent flows Ra2fl . The main ingredient in its proof is, just 



as in | Ra2fl , the classification of ergodic invariant measures for unipotent 
flows. 

Another purpose of this article is to obtain an expression for Cp in terms 
of algebraic number theoretic constants associated with P; this is carried 
out in Section |. 

As in [ EMS 1 ] , the first step in the proof of Theorem [0| is its reformulation 
to a question in ergodic theory of subgroup actions on homogeneous spaces 
of Lie groups; we follow the approach of Duke, Rudnick and Sarnak [ DRSH - 



The second step is to reduce this question to one about equidistribution 



of polynomial trajectories, so that Theorem 1.3 can be applied. 



2. Reduction to a question in ergodic theory 
We write 

9X := gXg-\ Mg G GL n (R), MX G M n (M). 

Put 

T = GL n (Z). 

If X G Vp(Z) and 7 G T, then ^X G Vp(Z); and we denote the T-orbit 
through X by 

r X := {^X : 7 G T}. 

Using a correspondence between T-orbits and ideal classes due to Latimer 
and MacDuffee JLMJ, in view of the finiteness of class numbers of orders, 



one has the following: (see Proposition |5.3|) . 

Proposition 2.1 (Latimer and MacDuffee). There are only finitely many 
distinct V -orbits in Vp(Z). 

Remark 2.1. The above proposition is a particular case of a much general 
finiteness theorem' due to Borel and Harish- Chandra [ BH-C| . 



By Proposition 2.1, to prove Theorem 1.1 it is enough to prove the fol- 
lowing. 

Theorem 2.2. Let X G Vp(Z). Then there exists cx > such that 

r #( r ^n-B r ) 

lim 7 — -t-jt — = cx- 
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2.1. Considering a fixed T-orbit. Put G = {g £ GL n (M) : det g = ±1}. 
Since the conjugation action of GL n (R) on Vp is transitive, the same holds 
for the action of G on Vp. Note that V = GL„(Z) is a lattice in G. Fix any 
X G V P (Z). Put 

H = {g G G : 9 X = X }. 



Then H is a real algebraic torus defined over Q. In Section 5.2, using the 
Dirichlet's unit theorem will show the following. 

Proposition 2.3. H/HnY is compact. 
Define 

R T = {g e G ■ 9 X g B T }/H c G/H, 
and xt denote its characteristic function. Then 

(1) #( T XonB T ) = #(T[H]nR T )= Yl xt(i[h})- 

■yer/rriH 

We choose Haar measures fl (resp. v) on G (resp. i?). Let fj, (resp. i/) 
denote the left invariant measure on G/Y (resp. H/H f)Y) corresponding to 
the measure jl (resp. v). 

Let r\ be the corresponding left G-invariant measure on G/H (see jR|, 
Lemma 1.4]); that is, V/ G C C (G), 



(2) fdfl= / f{gh)dv{h)) drj(gH). 

JG JgH&G/H \JH 



In Section ^8 we show that there exists a constant c v > (see |45|) de- 



n(n-l)/2 



pending on Xo such that 

(3) lim Tj{Rrp) /T 
For all T > and g G G, let 

(4) Fx(gY) := #(gY[H] D Rt) = £ Xt(27#)- 

7er/(rn-ff) 

Note that Ft is bounded, measurable, and vanishes outside a compact set 
in G/Y. By (]!]) and @, in order to prove Theorem 2.2 , it is enough to prove 
the following: 

Theorem 2.4. 

F r ( e r) _ u(h/h n r) 
t^^RtT- MG/r) • 

From the computations in Section |3.5| and one can deduce the fol- 
lowing: Given any k > 1 there exists a neighbourhood of e in G such 
that 

(5) R K -i T C J^i?T C R kT - 
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Now by (|), 

(6) lim T lim r,(R KT )/r,(R T ) = ^^p- 

By (||) and (]6|), in order to prove Theorem [T4|, it is enough to prove the 
following weak convergence: 

Theorem 2.5. For any f E C C (G/T), 

(f, Ft) v(H/HnT) 

Using Fubini's theorem we have the following: 
Proposition 2.6 ( pRSj , M ). For any f G C C (G/T), 



f{gT) X T{gH) djl{g) 



G/Hnr 



(7) = \ f(9hT) du{h) d V (g), 

Jr t \JH/Hnr J 

where Ji is the left G-invariant measure on G/(H n T) corresponding to ft, 
and x denotes the appropriate coset of x. 



In [EMS1] further analysis of the limit was carried out by showing that, 



as T —* oo, for 'almost all' sequences giH — > oo in Rt, the integral in 

jH/Hnr 
M(G/r) 



the bracket of Equation ^ converges to ^^^pP (/, 1). This then implies 



Theorem 2.5 



In this article, our approach is to change the order of integration in (^), 



and then apply Theorem 1.3 to find the limit. For this purpose, we need an 



explicit description of Rt, and of the measure rj. 

3. Integration on Rt 

Notation 3.1. Let r\ be the number of real roots of P and r2 be the number 
of pairs of complex conjugate roots of P. Since P is irreducible, all roots of 
P are distinct, and n = n + 2r 2 . Fix a root a of P. Let o~i (i = 1, . . . ,n) 
be the distinct real embeddings o/Q(a). Let o~ ri +i (i = 1,... , 2r 2y ) be the 
distinct complex embeddings o/Q(a) ; such that 

(8) a ri+r2+i = ovl+i, 1 < i < r 2 . 

Put 

{(Tiipt) if 1 < i < 7*i 

/ ai- ri -bi- n \ . f , . , 

, if T\ < i < T\ + r 2 , 
r\ Q>i—ri J 

where dj + bi\f^l := a ri+i (a), i = 1, . . . , r 2 . 
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3.1. Diagonalization of X and H. Let 

Xi = diag(di, . . . ,d n+r2 ) 
Hi = {g G G : " Xl = Xl } 
R T = {g £ G : 9 X\ G B T }/H X . 

Since the eigenvalues of X\ are same as the roots of P, X\ G Vp. Let 
go G G be such that 9°X = Xt. 

Define ip : G — > G as V(s') = doggo 1 , Vj £ G. Then ill = ^(i?) and 
ip*(fJ>) = /U. We choose a Haar measure Pi on Hi defined by 

(10) £i:=V*0>). 

Define : G/il -> G/#i as = ggo^Hi, V g G G. Let r?i := 0*(r?). 

Then by (§), V/gC c (G), 

(11) [fdfi=[ ([ f(ghi)Di(hi)) d m (gHi). 
JG JG/Hi \JHi / 

Also 

(12) R T = ^)(R T ) and rji(R^) = rj(R T ). 

Put Ti = ^(r). Define G/r -> G/Ti as ?%T) = ^(^Ti, Vg 6 G. 
Let /^i := and z^i := ip^(i'). Then /ii is the G-invariant measure on 

G/Ti associated to /i. Also vi is the i?i-invariant measure on 

Hi/ (Hi n ri) = HiTi/Ti = $(HT/T) 

associated to vi, and 

(13) ui(Hi/Hi nTi) = v{H/HC\T). 
Now can rewrite Proposition |2.6| as follows: 

Proposition 3.1. V/ G C C (G/T), and ft := f o tp' 1 G C C {G/Ti), 



{f, F T ) = I [ f{ghT)dv(h) dr){g) 

\JH/HC\T J 

\ I fi(ghTi) du^h)) d m (g). 

r} t yJHi/Hiar! J 

Due to this proposition, instead of integrating on Rt, it suffices to in- 
tegrate on R T . Therefore we describe the measure 771 on G/H\. For this 
purpose we want to express G as G = YHi, where Y is a product of cer- 



tain subgroups and subsemigroups of G (see (|23|)), Later, in Section 13^ we 
will decompose the Haar measure of G into products of appropriate Haar 
measures on these subgroups. This will allow us to describe rji as a product 
of the chosen Haar measures on the subgroups and subsemigroups, whose 



product is Y (Proposition 3.2 ) 
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3.2. Product decompositions of G. In view of the above, first we will 
describe various subgroups of G, and then obtain different product decom- 
positions of G into those subgroups and their subsemigroups. 

Let O(n) denote the group of orthogonal matrices in GL n (R). Let 

(14) N = {n:= (n„ )? J=1 : riy G R, mj = if i > j, nu = 1} 

n 

(15) A = {a := diag(ai, . . . ,a n ) : a, > 0, JJaj = 1}. 

i=i 

By Iwasawa decomposition, the map 

(k, n, a) i ^ fcna : O(n) x N x A ^ G 

is a diffeomorphism. 

For i,j = l,... , n + r 2 , let 



(16) M, 



R if i < ri, j < r\ 

M lx2 (R) if i<n,j> ri 

M 2xl (R) ifi>ri,j<n 

M 2 (R) if i > ri, j > ri. 



It will be convenient to express g G M„(R) as 5 = (fl r ij)i^=a 2 ' wnere #u G 
Put 







if i > j 


u(x) = (uy); a; = (x^) G il, 3 mj = j 


r 


if * = 3 






Hi < j 



h(t) = [j, ViGR. 
Define 

Li = {diag(l,... ,1,51,... ,ff r2 ) G G : Qi G SL 2 (R)} 

#1 = {diag(l,... ,l,h,... ,k r2 ) G G:h G SO(2)} 

iVx = {Mt) = diag(l,...,l,/i(ti),...,/i(t r2 ): 
t = ft) G R r2 } 

(17) = {01 = diag(l,... ,l,6i,... ,b r2 ) : 

bi = diag(ft,ft- 1 ), A > 0} 

U = {u(x) : x = (xij) G 11} 

(18) C = {c = diag(ci,... ,c ri ,c^ 1 / 2 ,--- ,c^+ r2 / 2 ) G G: 

ci > 0, u?=T 2 q = 1} 

(19) S = {diag(ei,...,€ ri ,/ 2 ,...,/2)€G:e i = ±l} 
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We have the following product decompositions: 
N = N 1 -U, A = A 1 -C, 

(20) 

v ; #i = S • K x ■ C, L = Ki ■ Nx ■ Ai. 

In each of the above decompositions, the product map, from the direct 
product of the subgroups on the right hand side to the group on the left 
hand side, is a diffeomorphism. We also note that 

(21) £-CcZ G (L), N G (U) = E-C -L-U. 
Therefore 

G =0{n)NA = 0(n)Ki-N 1 U-AiC 

(22) = O(n) • KxN x Ai ■ UC 
= O(n) -L-U-C. 

One has that SL 2 (M) = SO(2) • h(R + ) ■ SO(2) (see Proposition Q. Since 
L ^ (SL 2 (R)) r2 , we have that 

L = K l N+K 1 , 

where = {h(t) : t G (M+) r2 }. Now, in view of @-(||), we have 

G = O(n) • K x N?Ki -U-C 
= O(n) • N+U ■ K X C 

(23) = 0(n)E • N+U • K X C 

= 0(n) ■ N+U ■ Y,K X C 
= 0(n) -NfU-Hx. 

3.3. Choice of Haar measures on subgroups of G. Our next aim is to 
choose the Haar measures on each of the subgroups defined in the previous 
section, so that the equalities (|20|) , (^) and (|23|) also hold, in an appropriate 
sense, with respect to the products of the chosen Haar measures. 

Choice of Haar measure jl on G. We choose a Haar integral dk on O(n) 
such that Vol(SO(n)) = 1; in particular, 



(24) Vol(0(n)) = / 1 dk = 2. 

We choose the Haar integral dn on ./V (see ([LI])) such that 

dn = driij . 

i<j 

We choose the Haar integral da on A such that V / £ C C (A), 
alternative notation: da = YY^Li dai/ai. 
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We choose a Haar measure p, on G such that, 

(25) / fdji= I f{kna) dkdnda, V / G C C (G). 

JG Jo(n)xNxA 

Decomposition of integrals on A and N. We choose a Haar integral dc on 
C such that (see 18) 

dc = (dci/ci) ■ ■ ■ (dc ri+r2 _i/c ri+r2 _i). 

Choose the Haar integral dai := Hi=i ^A/A on ^1 ( see (0))- Then da = 
dai dc, where a = aic, (oi, c) G ii x C (see (|20f) ). 

Let di denote the standard Lebesgue measure on W 2 . Let x denote the 
standard Lebesgue measure on 11. Then dn = dtdx, where n = h{t)u{x), 
(t, X) G W 2 X it. 

Choice of Haar integral dl on L\. Let dl be a Haar integral on L\ such that, 

(26) f f(l)dl= I f{kh(t)a\) d9(k) dtdai, V/ G C c (Li), 

where denotes the Haar measure on K\ such that 

(27) 9(Ki) = 1. 

Decomposition of Haar integral djl. From the above choices of Haar integrals 
on various subgroups of G, their interrelations, ( |2l| ) and (^) we have 

(28) f f(g)d}i(g)= f f (klxc) dk dl dx dc, V / G C C (G) . 

JG JO(n)xLixilxC 

Choice of Haar measure v on H . We also choose a Haar measure v on H 
such that for the Haar measure V\ := ip*(v) on (see (JlOj) ) , we have 



(29) f fdv l = Y j ! f{akc) d9(k)dc, V / G C c (fTi). 

3.4. Description of integral i]i on G/H\. In order to describe rj\, we will 
express the integral djl as a product of an integrals on certain subset of G 
and the integral dv\ using the expressions (pq) and (123). 



^4 new description of the integral dl. First we will express the Haar integral 
on L\ in terms of the product decomposition L\ = K\N\K\. 

By Proposition |A.3 (stated and proved in Appendix |A|), the following 
holds: V / G C C (SL 2 (R)), 

/ SO (2)xRxR>o /(^(i)diag(A/?- 1 )) d&(k)dt(dp/P) 

= ^/2)J so(2)xR+xSO{2) f(kMt 1/2 )k2)dm)dt^(k 1 ), 

where i? is a probability Haar measure on SO (2). 

Since L x ^ SL 2 (M) r2 , by (E|) and <M), V/ G C c (Li), 



(31) / f(l) dl = (vr/2) r2 / f{kh(t l l 2 )k') d9(k) dt d9(k'), 

JK 1 x(R + ) r 2 xK 1 
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where the notation is 

(32) tV2 := (t\ /2 ,... ,tll 2 ), Vt = (*!,... ,t ra ) G (R+) ra - 
From (H) and V/ G C C (G), 

G 

= (vr/2) r2 f f{kk' l h(t 1 / 2 )k 1 u{x)c) x 

io(n)xidx(l + ) r 2 xifiXilxC 

x dkd9{k' l )dtde{k 1 )dxdc 
= (tt/2)^(#E)- 1 V / f(kah(tV 2 )u(x)k lC )x 

o-gS ^0(n)x(R + ) r 2 xllxftTixC 

x dfc c?t da; dO(k\) dc. 
= n r2 2- ri - r2 [ f(kh{t 1/2 )u(x)hi) dkdtdxd&i(hi) 

Jo(n)x(R + ) r 2 xilxHi 

Now in view of (11), we have the following: 
Proposition 3.2. For any f G C C (G/Hi), 

[ fdrji = (27r) r2 2~ n f f(kh(t 1/2 )u(x)H 1 )dkdtdx. 

3.5. Changing the order of Integration. The Euclidean norm on M r 
is invariant under the left and the right multiplication by the elements of 
O(n). Therefore 

fli = 0(n)*(Dr)-H*i/-H*i, 

where 

*(t,x) = h(t 1/2 )u(x), V(t,as) G (M+) r2 xll, (see (32)) 

(33) = {(t,x) G (M+) r2 x U : || *(*» a, )Xi[| < T} 

Since il = R2™(' 1_1 ) _r ' 2 , let ^ denote the standard Lebesgue measure on 
(M+) r2 x il. Then by @ and Proposition |3^, 

(34) t/i(.R£0 = (2vr) r2 2-( n - 1 ^(^). 



For the purpose of analysing the limit in Theorem 2.5, we change the 
order of integration in Proposition [O] as follows: 

Proposition 3.3. For all f G C C (G/Ti) ; 

Jj^fe j^i (/ifi/Hmrx /(^i) di/^fc)) 



(V2) J (n) d/c • Im/H.nr, dv ^h) x 
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3.6. Description of the set Our aim of this subsection is to show 
that D)p is asymptotically the image of a ball of radius T under a 'polynomial 
like' map (see Propositions |3.4| and ^5| ). 



Coordinates of ^(^ x ) x \ Take x = G it. If u(x)- 1 = u(y), y = G 
it, then 

Vij = ~ X ij + Bij((xkl)o<l-k<j-i) 

where J3y : rio<z-fc<j-j -^W — * -^i ^ s a polynomial map for i < j — 1, and 
By = if i = j - 1. 

If "WXj = «(aj)Xi«(y) = (wy)^, then Wij = if * > j, and 

di if % = j (see (|)) 

Sij(xij) + Qij((xki)o<i-k<j-i) if « < j, 

where Sy- : My — > My (i < j) is defined as 

(35) Sij(x) = xdj — diX, Vx G My, 

and Qy : r[o<z-fc<j-i — * -^ij ^ s a polynomial map for i < j — 1, and 
Qij = if i = j - 1. 

Let t = (ti) G QR+f 2 . If we write 

^(^fri) =(&)&£?, 

then Cy = if i > j, and 

1/2 1/2 

where the convention is: h(t i _ ri ) = h(—t i _ ri ) = 1 for 1 < i < r%. 
Note that for i = 1, . . . , r%, (see @) 

Therefore 

ii ^^^r = ii^ii 2 + fs^? + 4*o + io, i 2 . 

j=l i<j 



Expressing Dj, as an image of a ball. Now, in view of (33), we want to find 
a function 

8: (R + Y 2 xll-» (R+) ra xit 

such that 

(36) ^^q^) = ^, 

where 

:= z ) G (R + y* x it : ||s|| 2 + ||z|| 2 < T 2 }. 
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Now for (s,z) G (K+)2 x ^> we write 5(s,z) = (t,x), where t = (ti) G 
£+) r2 and a; = (xij) G H. Then ( |36|) holds, if we have: 



(37) Si = ^Jtftf + Ati), (l<i<r 2 ) 

(38) Zij = Cij, (l<i<j<n + r 2 ). 
By first solving the equation (|37|), we get 



&7 V + 4 



After that we solve the equation ( pq ) in the following order: it is solved for 
all {(k, I) : < I — k < j — i} before solving it for the We get 

(39) = Xij(t, {x k i : < I - k < j - i}) 

= Sif 1 (hi-tl^Zijhit 1 /^) - Qij((x kl ) 0< i-k<j-if) ■ 

'Polynomial like' approximation for S. We put t' : = (t'j) G (M+)2, 

t[ = \b i \~ 1 s i , l<i<r 2 . 
Next we put x' := (x^) G iX, where (see (09|)) 

x'tj = Xij (t', {x' kl :0<k — l<j — »}), (l<i<j<n+ r 2 ). 
Then we define 

5(s,z) = (t',x'). 
It is straightforward to verify that 

0<t'i-ti<2, l<i<r 2 . 

Therefore 

(40) 6(B T - 2 ) C 5(£ T ) C S(B T ), VT > 0. 
Also note that if T > ||-X~i||, then 



T - || 2 T" 1 < a/T 2 - [jxjjp < T. 



Therefore, since (36) and (|40| ) hold, we get the following: 
Proposition 3.4. For T > ||Xi|| + 2, 

( ^( 5 T-2-||Ai|| 2 T- 1 ) C B\ C <K#t)- 

Proposition 3.5. TTie map 6 : rH™- 1 ) £ de/ined 6y 

Q(s, z) := V(5((sl s 2 r2 ),z)), V (s, z) G MJ" 2 x iX = M^ 1 ), 

is a polynomial map; that is, each coordinate function of is a polynomial 
in \n(n — l)-variables. 
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3.7. Jacobian of 5. Let the notation be as in the definition of S. The 
Jacobian of 5 at (s, z) is given by: 

Jac(tf)(«,z) := \d{t',x')/d{s,z)\ 

(41) = IJi^/s^i-IJi^./a^i 

i=l i<j 

(42) = II l&il- 1 - IJ | det(5^)~ X l» 

i=l i<j 

where ( f4l| ) holds because dt[/dzki = for all i, k, I, and dx' kl /dzij = for all 
< I — k < j — i, and (]42|) holds because det h(t) = 1 for all t. In particular, 
Jac(<5) is a constant function. 



Computation ofdet(Sij). By (16) 

Mij = HornOH"* = M. Ui (R^)*> (1 < * < 3 < n + r 2), 

where = 1 if 1 < k < ri , and = 2 if n < k < r<i . Under this canonical 
isomorphism, S'y corresponds to 

(1 ® dp - (di ® 1), (see ©) 
whose eigenvalues are distinct, and by (||) they are 

oy(a) - o-j'(a), £' G i, / G j, 
where = {k} if z/^ = 1, and k = {k, T2 + k} if = 2. Therefore by (T~ 



(43) Jac(<5) = 2 r2 [] |<r<(a) - ^-(a)!" 1 = 2 r * / ^J\D Q{a)/Q \, 

l<i<j<n 

where denotes the discriminant of Q(a) over Q. 

3.8. Volume of Rt- We note that 

(44) £(B+) = 2~ r2 Vol(B n ( n_1 ^ 2 )r n ( n - 1 i/ 2 , 

where Vol(-B m ) denotes the volume of a unit ball in R" 1 . Also note that for 
any m G N and a, b > 0, if T > max{a, b} then 

((T + a) m - (T-b) m )/T m < m(a + b)T-\ 

Therefore by ©, (H), Proposition |J, and since Jac(5) is a constant, 

\im T ^ ooV (R T )/£(B+) = ]im T -,oom(Rr)/£{B+) 

= (2vr)^2-("- 1 ) lim T ->oo £{D l T )/£{B+) 
= (2vr) r2 2-("- 1 ) Jac(5). 



Now by © and ©, 



C9^^ Vr,1 f Ri(n-l)/2 , l 
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4. Equidistribution of trajectories 



In view of Propositions |3jJ and p.3| , and since Jac(5) is a constant, for 
any /i G C C (G/Ti), and any x\ G G/Ti, 



\\m T ^j ( ^-j {tx)( . D ^h{^{t,x)x 1 )dtdx 



limT^oo / B + f 1 (@(s,z)x 1 ) dsdz, 



where as in Proposition 

Lemma 4.1. For x G G/T\, if H\x is compact then Ux = G/T±. 

Proof. Choose c G G, such that ci > . . . > c ri+r2 > (see |l8|). Then [/ = 
{u G G : c~ m uc m — ► lasm-> oo}, which is the expanding horospherical 
subgroup of G° associated to c. Therefore by [DR, Prop. 1.5] 

-«0 



(47) U£L lC ™t/y = CTi/ri = G/r 1; Vy G G/ri. 

Recall that G C Hi and #1 C iVc(^) (see SectionjT|). Let F be a 
compact subset of such that Fx = H\x. Then by ( p7| ) 



(48) G/ri = CUx C ffit/x = UHxx = UFx = FUx. 

By Moore's ergodicity theorem [Q, U acts ergodically on G/T\. Hence 



there exists x\ G GjT\ such that Ux\ = G/Ti. By ([481) there exist /i G F 
and X2 G Ux such that xi = hx2 ■ Therefore, since h G Nq(U), 



G/T 1 = Ux x = Uhx 2 = hUx 2 C hUx. 
Hence Ux = G/T X . □ 
Proposition 4.2. For a// /i G C c (G/ri), k £ K and h £ Hi: 

iim / /i(fee(«, d(s, z) = 1 / ft dm, 

where G as in Proposition \3. b\ 

Proof. Note that G/T l = G°/{T 1 n G°) and G° = SL n (K). We apply 
Theorem |1.3| for T\ n G° in place of T, x = hF± and the function /2 G 
C c (G/ri), where /a^) := MkgT^, M g G G. Since ^1^1 = $(HT/T), 
by Proposition |2.3|, .Hi a; is compact. Therefore by Lemma O, U\x is dense 



in G/T\. Since ©(M 1 " 2 x iX) D J7, the conclusion of Theorem 1.3 holds, and 
hence the proposition follows. □ 

4.1. Proof of Theorem |1.1| . By a series of reductions in Section |3|, we 
showed that it is enough to prove Theorem 2.5. Now this result follows 



from Propositions 3A and |3.3| , Equation (f46|), Proposition 4.2 , Lebesgue's 
dominated convergence theorem, Equation (^), and the fact that {i\ = 

V>*(^)- □ 
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5. Computation of Cp 
The rest of the article is devoted to proving the following: 



Theorem 5.1. Let the notation be as in Theorem 1.1. Then 



,^ Vol^™" 1 )/ 2 ) 

where a is any root of P, the sum is over all orders D of the number field 
K = Q(a) containing Z[at], 



WoJ\Dj 

r\ = Number of real places of K, 

r2 = Number of complex places of K, 

hQ = Number of modules classes with order D 

Rq = Regulator of O x , (see $5(\)) 

wo = Order of the group of roots of unity in L) x , 

Dr/q = Discriminant of K, 

(see pp. 10-17] or Section \5.1.1\) and 

Vol(B m ) = 7r m / 2 /F(l + m/2) 

= Volume of a unit ball in R m (we take m = ^n(n — 1) ), 

n 

Vol(5M n ) = Htt~ s / 2 T(s/2)((s) 

s=2 

= Volume of the determinant one surface 

in the Minkowski fundamental domain M n . 

(see 0, Sect. 4.4.4, Theorem 4] or Section^) 

The computation of Cp depends on: (i) obtaining representatives, say 
Xq, for each T-orbits in Vp(Z), and then (ii) computing v{H / H P\T) for the 
H and the v associated to Xq, (iii) computing c v (see @), and also (iv) 



computing n(G/T). We already know c v (see 45). 



5.1. Orbits under V in Vp(Z). We now describe a result due to Latimer 



and MacDuffee [LM| on a correspondence between the classes of matrices 
and classes of ideals; here two matrices are said to be in the same equivalence 
class if they are in the same T-orbit. 

Fix any root a of P. Any (nonzero) ideal I of Z[a] is a free Z-module 
of rank n. We say that ideals I and J of Z[a] are equivalent if and only if 
al = bJ for some nonzero a, b £ Z[a]. Let [I] denote the class of ideals in 
Z[a] equivalent to /. 



16 
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For any X £ Vp(Z), a is an eigenvalue of X, and there exists a nonzero 
eigenvector u := \uji, . . . ,u n ) £ Q(a) n such that 

(49) Xu = au 

Replacing u by some integral multiple, we may assume that u>i £ Z[a] for 
1 < i < n. Put Ix = Zwi + • • • + liuj n . Then by (pfij), alx C Ix- Hence Ix 
is an ideal of Z[a]. The ideal class [Ix] depends only on X, and not on the 
choice of the eigenvector ld. 

Now let 7 G T and Y = ~<X. Then u' := 'ju £ I x , and Yu' = au' . 

Let Iy = Zu)[ + h Zu£, where fyj, . . . := J. Then Jy C Ix- 

Since 7 -1 S T, we have u = 7~ 1 cj / € Iy, and hence Ix = Iy- Thus the 
ideal class [Ix] depends only on the T-orbit r X, and not on the choice of its 
representative X. 

Theorem 5.2. The assignment r X ^ [I x ] is a one-to-one correspondence 
between the collection of T-orbits in Vp(Z) and the collection of equivalence 
classes of ideals in Z[a]. 

5.1.1. Orders in Q(a). A subring D of the number field K = Q(a) is called 
an order in K, if its quotient field is K, D n Q = Z, and its additive group 
is finitely generated. 

A free Z-submodule of K (additive) of rank n = [Q(a) : Q] is called a 
lattice in K; for example, any (nonzero) ideal of Z[a] is a lattice in K. Two 
lattices 9Jt and in K are said to be equivalent, if a9JT = bdJl' for some 
nonzero a,b £ Q(a). Let Wl denote the class of lattices equivalent to 9Jt. 
For ideals I and J of Z[a], we have [I] = [J] 44> / = J. 

For a lattice SOT in IT, 

(50) 0(M) := {13 £ K : 0M C 

is an order in iiT, it is called the order of 5PT, and it depends only on the class 

m. 

Let D be an order in K. Then by the class number theorem [|K|, Theo- 
rem 1.9], there are only finitely many classes of lattices in K with order D. 
This number is called the class number of D and denoted by /i£> 

The ring Dk of algebraic integers in K is an order. Any order D in K is 
contained in Dk, and [D/^ : D] < 00. Also Z[a] is an order in K, and hence 
there are only finitely orders D in K with D D Z[a]. 

Proposition 5.3. The T-orbits in Vp are in one-to-one correspondence 
with the classes of lattices in K whose orders contain Z[a]. 

In particular, each order D containing Z[a] is associated to ho distinct T- 
orbits in Vp(Z), and the number of distinct T-orbits in D equals ^>d- 

Proof. In view of Theorem 5.2, to any T-orbit T x in Vp, we associate the 



lattice class Ix of an ideal Ix in Z[a]. We associate Ix to the orbit r X. We 
note that D(I X ) ^ Z[q]. 

Conversely, let 9JT be a lattice in K such that D(£DT) D Z[a]. Then 
there exists a nonzero integer a such that I := a9Jt is an ideal of Z[a]. By 
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Theorem there exists X G Vp, such that [I] = [Ix\- Therefore 9JI = Ix, 
and hence 9JI is associated to a unique orbit r AT, and Q(Wl) = This 
proves the one-to-one correspondence. 

Now the second statement follows from the class number theorem for 
orders. □ 

5.2. Compactness and volume of H/(H n F). Fix Xq G Vp(Z) and let 
the notation be as before. Put 

Z Xo = {Y G M n (R) : FI = AT Y}. 

Since Xq G M n (Q), we have that Z Xo is the real vector space defined over Q. 
That is, Z Xo is the real span of Z Xo (Q) := Z Xo nM n (Q), and Zx (Q)®qR = 

Let = \u>i, . . . ,u n ) G Z[a] n , u ^ 0, be such that AToo; = au>. Since 
all eigenvalues of Xq are distinct, there exists an M-algebra homomorphism 
A : Z Xo -> C given by Y ^ Ay, such that Ycj = \ Y u. Now if Y G Z Xo (Q) 
then Ay G Q(a). 

Let Jx = + . . . + Zw n . Then /x is an ideal of Z[a], and hence 
-Tx ®z Q — Q(aO- Therefore . . . ,ui n } are linearly independent over Q. 
Hence if Y G Z Xq (Q) and 7w = 0, then Y = 0. Thus 

ker AnZ Xo (Q) = 0. 

Let Yg denote the matrix of the multiplication by (5 G Q(a) on the Q- 
vector space Ix ®i Q, with respect to the basis . . . ,cj n }. The map 
P i— ► Yg is a Q-algebra homomorphism of Q(a) into M n (Q). Since Y a = Xo, 
Y/3 G ^Xo(Q)- A1 so A y;3 = 0. Hence A : Z Xo (Q) >-> Q(a) is a Q-algebra 
isomorphism. In particular, 

^Ao(Q) = Q[*o] and Z Xo = R[Xq]. 

Note that for Y G Z Xo (Q), ^yIx q C Ix ^ Y G M n (Z). Therefore 

(51) Z Xo (Z) := Z Xo n M n (Z) = {Y G Z Xo (Q) : Ay G D(X )}, 

where £)(Xq) denotes the order of Ix (see (^0|)). 

Recall the Notation |3.l| . Define <Ji(u)) := \ai(ui) 1 . . . ,ai(u n )). Then 
Xo<Ji(uj) = Oi{a)oi(uj). Let 

<7l = (<7i(w),... ,o-„(w)) G M n (C). 

Then 

0i _1 X O 0i = diag(ai(a), ... , cr n (a)), 

and all the entries of this diagonal matrix are distinct. Therefore g\~ l Z Xo gi 
is a diagonal matrix. We define functions Di on Z Xo by 

g 1 - 1 Yg 1 = diag(D 1 (Y),... ,D n (Y)). 

Since Z Xo = M[Xq], and the D^s are M-algebra homomorphisms, we have 
Di(Z Xo ] I CM for 1 <»<n, and by (g), 

D n+r2+i (Y) = A-i+iPO, (1 < t < r 2 ). 



18 NIMISH A. SHAH 

Therefore 

n ri+r 2 

(52) det(y) = H \Di(Y)\ = J] \Di(Y)\ Vi , V7 G Z Xo , 

i=l i=l 

where = 1 if 1 < k < r%, and = 2 if r\ < k < ii- Since Di(Y) = cr(Ay), 
VY € Z Xo (Q), we have 

det(y) = N Q{ayQ (x Y ), vy G Z Xo (Q). 

Therefore by @ 

(53) = {yeZ Xo :|det(y)| = l} 

fl-(z) = #nz Xo (z) 

= {Y G Z Xo (Q) : Ay G |iV Q(a)/Q (A y )| = 1, D(X )} 
= {y g Zx (Q) : Ay eD(I ) x } 
= O(^o) x ; 

here D(Xq) x denotes the multiplicative group of the order 0(Xq) which is 
same as the multiplicative group of unit norm elements in 0(Xq) x . 

5.2.1. Dirichlet's Unit theorem and Compactness of H/H(7*). 

Theorem 5.4. H/H(Z) is compact. 

Proof. Define I : H -> M ri+r2 as 

= (i/ilogpi(/i)|,... ,i% +r2 log|A. 1+r2 (/i)|), VheH, 

where = 1 if i < r\ , and Ui = 2 if % > n . 
Let 

£ = {(xi, . . . , x n+r2 ) G E ri+r2 : a;i + • + aVi+r 2 = 0}. 

Then, by (|52]) and ([53"1), I : H —* E is a surjective homomorphism. 

By (pQ) i^i = £ • i£i • C is a direct product decomposition; let p : Hi — ► C 
denote the associated projection. We define l\ : C — ► E by 

h(c) = (logci,... ,logc ri+r2 ), (see @) 

and extend it to Hi by h{h) = h(p(h)), V/i G H\. 

We note that higohgo" 1 ) = K^ 1 ) f° r an h £ H. Therefore 

ker I = 5o _1 (ker h)g = go'^Kigo- 

Hence ker(Z) is compact. 

We define £ : D(X ) X -» £?, by 

(54) £(A) = (i/ilog|ai(A)|,... , v ri +r 2 log k n+ , 2 (A)|) ; VAgD(X ) x . 

Clearly, Z(V) = £(Ay) for all y G ff(Z). By Dirichlet unit theorem §<], 
Theorem 1.13], £(D(X ) X ) is a lattice in E. Therefore l(H)/l(H(Z)) is 
compact. Since ker(i) is compact, this completes the proof. □ 
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5.2.2. Computation of v(H / 'iJ(Z)) . Let pr : —> i? ri+r2 ~ 1 be the projection 
on the first n + r2 — 1 coordinate space. We choose a measure m on E such 
that its image under pr is the standard Lebesgue measure on R ri+7 " 2 . Let m 
denote the associated measure on E/£(0(Xo) x ). We note that l\ : C — * E 
preserves the choices of the Haar integrals dc and dm. 

Let K\ = TiK\. In view of ( |l9|) and (|27|) , let # be the Haar measure on 
K\ such that 

Then by (|29|), q : K X \H — ► C, defined as K\h = p(h), is an isomorphism 
and it preserves the chosen associated measures on both sides. 

Therefore l\ o q : Ki\H\ — > E is a group isomorphism and preserves the 
chosen Haar measures on both sides. Note that H (IT = H(Z), and 

h(Hi n ro = i(ffnr) = i(H(z)) = e(D(x ) x ). 

Therefore we have an isomorphism, 

K\\Hi/(Hi n r x ) * ^(D(X ) X ) 



preserving the invariant measures on both sides. Now by Theorem B.l 
(stated and proved in Appendix |B|) , 

(55) «*(lfi/(ffi nrO) = •m(£/l(D(X )X)). 

n (ffinri)) 

By the Dirichlet's unit theorem, let {ei, . . . , e ri+r . 2 _i} be a set of genera- 
tors of D x modulo the group of roots of unity. Then 

^(D(x ) x ) = ey 2 " lz %)- 

Hence, by 

(56) m(E/i(D(X r)) = | det (fa log kifa)!)^- 1 ) I == #£>(X > 

which is called the regulator of the the order D(Xo) (see 0, Sect. 1.3]). 

We note that g ~ l (Ki H (#i n Ti))^ = ker(Z) n H(Z) ker{£), which is 
the group of roots of unity in D(Xq), and its order is denoted by wq^Xq)- 
Therefore, 

(57) #(K 1 n(H 1 nr 1 )) = w oiXo) . 

Now from (|55|)-(|57|) we obtain the following: 



Theorem 5.5. Let D(Xq) be the order of the ideal Ix of Z[a] which is 
associated to Xq as in Theorem \5.Q. Then 



u(H/H n r) = vx{H x /H x n T x ) = 2^R 0{Xo) /w 0{Xo) . 

5.3. Volume of G/GL n (Z). The volume of G/GL n (Z) was computed by 
C.L. Siegel. To use that computation here we need to compare the Haar 
measure on G chosen for Siegel's computation with the one chosen in (25). 
Instead it will be more convenient for us to use the volume computations as 
in [I], Section 4.4.4], which is also uses Siegel's formula. 
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The space V n of positive n x n matrices. Let V n be the space of n x n real 
positive symmetric matrices. Then GL n (M) acts transitively on V n by 

(g,Y) ' ^ V^S, V( 5 ,y) e GL n (R) x P n . 

We consider a GL„,(IR)-invariant measure [i n on defined as follows: If we 
write Y £ V n as Y = (y^), = yji, yij £ R, then 

d/i n (y) = |det(y)|-(" +1 )/ 2 n^- 

i<j 

Let 5P n = {Y £ V n : det(y) = 1}. Then G acts transitively on SP n , and 
preserves the invariant integral dW on SP n which is defined as follows: If 
we write Y £ V n as y = i 1 /^, (i > 0, W G <SP n ), then 

(58) d/i n (y) = {dt/t)dW. 

Volume of Minkowski fundamental domain. Let SM n denote the Minkowski 
fundamental domain for the action of GL„(Z) on SP n . We have chosen d\x n , 
and dW such that by (T], Section 4.4.4, Theorem 4, pp. 168], which uses 
Siegel's method, we have the following: 

„ n 

(59) Vol(SM„):=/ 1 = J^vr^ fc / 2 r(A;/2)C(A;). 

JSMn k=2 

Comparing volume forms. Now we want to compare the volume forms dnda 
on 0(n)\G and dW on 5P n with respect to the map 0(n)g t— > ^y. 

Put Z) = {6 = diag(6i,... ,6 n ) : 6j > 0}. Choose the Haar integral 
db = niLi on Th en 

(60) db = (dt/t) da, where b = t 1/n a, t > 0, a £ A 
By direct computation of the Jacobian of the map 

(n,6) ^ y := \nb)(nb) 
from N x D ^ V n , one has (0, Sec.4.1, Ex.24,pp.23]) 

(61) dfj. n (Y) = 2 n dndb. 

By © and f3l]), for n e N and a e i, we have 

(62) dW = 2 n ~ 1 dnda, where W = \na)(na). 

If d(y) denotes the Haar integral on 0(n)\G = AN associated to the Haar 
integrals dg and dk, then by (|25|), 



(63) dg = dnda, where g = 0(n)na, n £ N, a £ N. 
Now for any / £ C c (SP n ), by fl62|) and (§3|), we have 

(64) / f(W)dW = 2 n - 1 f fCgg)dg. 

JSP„. JO(n)\G 
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Relating Vol(«SM„) and Vol(G/GL n (Z)). By (g), the map 0(n)s i-» * 55 
from 0(n)\G to SP n is a right G-equivariant diffeomorphism, and it pre- 
serves the invariant integrals 2 n ~ l dg and dVF. We also note that 0(n)\G is 
connected, and Z(G) is the largest normal subgroup of G contained in K. 
Therefore by Theorem |B.1| (stated and proved in Appendix pi) , 



2- V(G/GL.(Z)) = lf ^§ m W 

By (H), Vol(0(n)) = 2, and #(Z(G) n GL n (Z)) = 2. Also V = GL n (Z). 
Thus by (|5^), we have the following: 

Theorem 5.6. 

n 

/x(G/r) = 2-^Hn(k/2)T(k/2)((k). 

k=2 



5.4. Proof of Theorem |5.1| . By Proposition 5.3, there exists a finite set 
T C Vp(Z), such that Vp(Z) is a disjoint union of the orbits r Ao, A~o £ J 7 . 
By Theorem |J, (g), and (|), 



By Theorem 2.4 



»(H/HnT) 

^x = c v 



v(Gnr) ' 

Let O(Xq) denote the order in Q(a) associated to the T-orbit t Xq as in 



Proposition |5.3j . Then by ([45]), Theorem |5.5| , and Theorem |5.6| 

Cx 



(2tt)« Vol( J B"("- 1 )/ 2 ) 2^ j R 0(Xo) / Wd(Xo) 



2-(-d nL 2 7r-*/2r(fc/2)C(fc) 
(2^) r2 2 ri i? 0(Xo) Vol^"^- 1 )/ 2 ) 



™Q(X )\/ D ®(a)/Q Vol(5M«) 
This shows that Gx depends only on D(Xq). We recall that D(Xq) D 



a]. By Proposition 5J3, for each order D in if containing Z[a], there exist 



exactly /i£> number of A~o G J 7 , such that £)(Xo) = O. Therefore 
c _ (2TT) r2 2 r 'h Ro Vol^"^- 1 )/ 2 ) 



□ 



Proof of Theorem By our hypothesis Z[a] is the integral closure of Z in 
if = Q(a), and hence Z[a] is the maximal order Dk in if. Now the theorem 
follows immediately from Theorem [O. □ 
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Appendix A. Decompositions of Haar integrals on SL 2 (M) 
Let 

h(t) = (I X Vfel 

a(A) = ( A X A>0. 



k{6) 



cos(2it6) -sin(27T0)\ 
sin(27r6») cos(2vr6») ) 



First will compare the decompositions of Haar integrals on SL2(K) with 
respect to the Iwasawa decomposition and the Cartan decomposition. 



Proposition A.l. For any f E C C (SL 



(65) / f(k(ex)h(t)a(X)) dB x dt^ 

)xRxR >0 A 



= (tt/2) f f(k{6 2 )a{a)k(6)) \a 2 - a~ 2 \ d6 2 — d9. 

Proof. Suppose g = k(6i)h(t)a(X) = k(02)a(a)k(6). Then 
(66) *gg = a(A) t /i(t)/i(t)a(A) = k(-6)a{a 2 )k{8). 

Substituting (5 := a 2 , [i := A 2 , and <p = 2tt9, from (|66|) we get, 
li = (l/2)(/3 + I3- 1 ) + (l/2)(/3 - r 1 ) cos(20) 



(67) 
Therefore 



-(l/2)(/3-r 1 )sm(20). 



la 2 — a 2 



Hence 

(68) \d(\,t)/d(a,6)\ =2tt'— — L A. 

a 

Then by (|6^) and ( |67[ ) the map 

(69) (# 2 ,a,#)^(^M,A), 

is surjective if < 9 < 1/2, and a > 1, and it is injective if < # < 1/2 and 
a > 1. Therefore the map (|69|) is a differentiate, surjective, its degree at 
regular points is 4, and its Jacobian is given by (|68|). This gives (|65|). □ 



Next, we will show that SL 2 (M) = SO(2)/t(R)SO(2), and express the Haar 
integral on on SL^M) with respect to this decomposition. 
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Proposition A.2. For any f G C C (SL 2 (M)) ; 

(70) f f(k(<j)')h(t)k(<f))) dfidt 2 d<j) 

JK/ZxR+xR/Z 

f(k(9')a(a)k(9)) \a 2 - a~ 2 \ d9' — dB. 

xR>0xK/Z a 

Proof. If we write g = k((f)')h(t)k((j)) = k(9')a{a)k(9) , then 

(71) tgg = k(<j>) *h(t)h{t)k(<l>) = k(9)a{a 2 )k(9). 
Therefore, 

(72) tracers) = I + t 2 = a 2 + a' 2 . 
Consider the change of variables s := i 2 , and (3 := a 2 . Then 

Clearly, d<p/d9 = 1, and at/90 = 0. Therefore 

|5( S ,0)/a(/3,0)|- l/3 " r1 ' 

(73) |0( a ,0)/3(a,0)| = 



/3 ' 
and hence 

2|a 2 - a~ 2 | 



a 

By (|7l|) and ([72]), we have that the map 

(9',a,9)^{<j>',s,4>) 

is surjective if a > 1, and it is one-one if a > 1. Therefore the map is a 
differentiable, surjective, its degree at regular points is 2, and its Jacobian 
is given by (^). This gives (|70|). □ 

From Proposition A.l and Proposition |A.2| , we obtain the following: 
Proposition A.3. For any f G C C (SL 2 (K)), 

f(k(9)h{s)a(X)) d9ds^- 

xlxR >0 A 



(tt/2) / f(k(<p')h(t)k((P)) dcj)'dt 2 d(j). 



Appendix B. A Lemma on volume of two sided quotients 

Let G be a Lie group and T a lattice in G. Assume that we are given 
a Haar measure on G, and we want to find the volume of G/T. In many 
cases one can find a compact subgroup K of G such that E = K\G is 
diffeomorphic to a Euclidean space, and construct a fundamental domain, 
say J, for the right T-action on E. The following result expresses the volume 
of G/T in terms of the volume of J. 



24 NIMISH A. SHAH 

Theorem B.l. Let G be a Lie group and K be a compact subgroup of G 
such that K\G is connected. Let T be a discrete subgroup of G. Let \x (resp. 
v) be a Haar measures on G (resp. K). Let r/ (resp. n) be the corresponding 
G-invariant measure on K\G (resp. G/T). Let$ be a measurable fundamen- 
tal domain for the right Y -action on K\G; in other words, $ is measurable 
and it is the image of a measurable section of the canonical quotient map 
K\G -► K\G/T. Then 

< 74 » "(^SiW^ 

where Kq is the largest normal subgroup of G contained in K. 

To prove this result, we need the the following two observations. 

Lemma B.2. For 7 G G, put 

I 7 = {w £ G : uj^uj^ 1 G K}. 

Then either Xj is a finite union of strictly lower dimensional analytic sub- 
varieties of G, or 7 G Kq. 

Proof. Because the map u> 1— ► wjw^ 1 on G is an analytic map, and K is a 
Lie subgroup of G, we have that X 7 is a finite union of analytic subvarieties 
of G. Therefore either X 7 is strictly lower dimensional, or X 7 = G . In the 
latter case, since KX-y = X^ and KG = G, we have X 7 = G. 

Put K' = {7 G G : X 7 = G}. Then K' is a normal subgroup of G, and 
K' C K. Hence K' C Kq. This completes the proof. □ 

Lemma B.3. Let V be a discrete subgroup of G. Define 

K(g)=KngTg- 1 and f (g) = #{K \g)) , \/ g G G. 

Then for fl-a.e. g G G, we have 

(75) K(g) =g(K nT)g- 1 and f(g) = #(Kq H T). 

Proof. We put uq = #(Kq H T). Since Kq is normal in G and Kq C K, 

(76) K(g) DK n gTg' 1 = g(K n r)^ -1 , V g G G. 

Take any g G G. Since if is compact and T is discrete, there exists an 
open neighbourhood f2 of e in G such that 

ttKtt- 1 n ^rcr 1 = K n cdV 1 . 

Therefore 

(77) if (wg) = u}{uT x Ku n gYg' 1 )^ 1 C wif Vw G fi. 
First suppose, /(g) < no- Then by ( |76| ) n = uq, and by (|77|), 

if(w5) = u)K{g)u)- 1 = ug(K n r^uT 1 , Vwefi. 
In particular, f{ujg) = uq for all w G f2. 
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Now suppose f(g) > no- Then by (|77|) 

ngnf-\f(g)) = {ujgeng:K{ujg)=ujg{g- 1 Kgr\T)g- 1 oj- 1 } 



Now, by Lemma B.2, either there exists 7 £ j 1 Kg n T such that Xy is 
a finite union of strictly lower dimensional analytic subvarieties of G, or 
g~ x Kg nrc% In the latter case, by @, #(5) = gr(if n T)^ 1 , and 
hence /(gr) = no, which is a contradiction. 

Thus we have shown that (i) for all g £ / _1 (no), (fT5|) holds; and (ii) 
U n ^ no / _1 (n) is contained in a countable union of strictly lower dimensional 
analytic subvarieties of G, and hence /i(U n ^ no / _1 (n)) = 0. This completes 
the proof. □ 

Proof of Theorem \B.j\ . Consider the map ip : G/T — > K\G/T. For any 
g £ G and x = gT £ G/T, we have 

f 1 ^) = ^ K/JsT n (^r^ 1 ) = K/K(g). 

Since K(kg) = K(g), \/k £ K, we can define f(Kg) := f(g), V g £ G. Now 
by Fubini's theorem, 

(78) n{G/Y) = [ u(K)/f(Kg) dr,(Kg). 



By Lemma [Bj, f(g) = #(K n T) for /2-a.e. g £ G. Hence /(iTg) = 
#(K n T) for ry-a.e. Kg £ K\G. Now © follows from @. □ 
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